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Magnetic Susceptibility of Quark Matter
Koichi Sato and Toshitaka Tatsumi
Department of Physics, Kyoto University, Kyoto 606-8502, Japan
Magnetic properties of quark matter is discussed by evaluating the spin susceptibility
within Fermi-liquid theory. We take into account the dynamical and static screening effects.
At finite temperature, an anomalous T 2 lnT term for susceptibity is shown as a non-Fermi-
liquid effect due to the dynamical screening of transverse gluons.
§1. Introduction
Nowadays the phase diagram of QCD in density-temperature plane has been
extensively studied theoretically and experimentally. In particular, matter at high
density but not so high temperature should be interesting, since the Fermi surface
is a good concept there and interesting correlations such as superconducting pairing
in a clear way. Such situation may be closely related to compact stars.
Here we study the magnetic properties of quark matter. A possibility of spon-
taneous spin polarization has been suggested by one of the authors,1), 2) using the
one-gluon-exchange (OGE) interaction. If it is realized at moderate densities, it may
give a microscopic origin of strong magnetic field observed in compact stars, espe-
cially magnetars.3) Here we evaluate the magnetic susceptibility of quark matter
at zero and finite temperature within Fermi-liquid theory,4), 5) taking into account
the screening effects for gluons.6) Throughout this paper we try to figure out the
characteristic aspects of the magnetic properties, inherent in gauge theories. One
important aspect may be a non-Fermi-liquid behavior.
§2. Magnetic Susceptibility at T = 0 within Fermi Liquid Theory
In a recent paper we have studied the magnetic susceptibility at T = 0 within
the Fermi-liquid theory to figure out the screening effect for gluons on the magnetic
instability in quark matter.7), 8) The magnetic susceptibility is defined as
χM =
∑
f=u,d,s
χfM =
∑
f=u,d,s
∂〈M〉f
∂B
∣∣∣∣
B=0
(2.1)
with the magnetization 〈M〉f for each flavor, and its divergence signals a magnetic
instability for spontaneous spin polarization, ferromagnetism. Magnetic susceptibil-
ity is then written in terms of the quasi-particle interaction,
χM =
(
gFDµq
2
)2
N(T )
1 +N(T )f¯a
(2.2)
where gFD = gD(|k| = kF ) is the gyromagnetic ratio on the Fermi surface at T = 0.
N(T ) is the average of the density of states near the Fermi surface and f¯a is the
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angle-average of the spin-dependent quasi-particle interaction on the Fermi surface.
At T = 0, N−1(0) = (π2/Nck
2
F )vF where vF is the Fermi velocity written in
terms of another Landau-Migdal parameter f s1 . It is well-known that there appear
infrared (IR) singularities in the Landau-Migdal parameters in gauge theories. To
improve the IR behavior of the quasi-particle interaction, we must take into account
the screening effects for the gauge field. The inclusion of the screening effects also
matches the argument of the hard-dense-loop (HDL) resummation.6)
We have seen that the transverse mode only receives the dynamical screening due
to the Landau damping, so that it still gives logarithmic singularities for the Landau-
Migdal parameters. However, they cancel each other in susceptibility to give a finite
result. On the other hand, the momentum of the longitudinal mode is effectively
cut off by the Debye mass mD to give the g
4ln(1/g2) term in susceptibility. We also
find that this term has an interesting behavior, depending on the number of flavors.
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Fig. 1. Magnetic susceptibility at T=0. The
solid curves shows the result using simple
OGE, while the dashed and dash-dotted
ones shows the screening effects with Nf =
1(only s quarks) and with Nf = 3(u, d,
and s quark), respectively.
In Fig. 1, we plot the magnetic suscep-
tibility.7) We assume a flavor-symmetric
quark matter, and take the QCD cou-
pling constant as αs = 2.2 and the
strange quark mass ms = 300MeV in-
ferred from the MIT bag model.
One can see that the magnetic sus-
ceptibility diverges around kF = 1-1.5
fm−1 . The critical density for the sim-
ple OGE without screening is consis-
tent with the previous one given by the
energy calculation.7) One may expect
that the quasi-particle interaction is ef-
fectively cut off at momentum |k| = mD,
which reduces the strength of the Fock
exchange interaction, once the screening
is taken into account. However, this is
not necessarily the case in QCD. Com-
pare the screening effects by changing
the number of flavors; if we change Nf , the screening effect exhibits the opposite
behavior for Nf = 1 and Nf = 3 . In the case of Nf = 1 the screening effect works
against the magnetic phase transition as in QED. Consequently the screening effect
does not necessarily work against the magnetic instability, which is a different aspect
from electron gas.
§3. Magnetic susceptibility at finite temperature
At finite temperature, we must evaluate N(T ),
N(T ) = −2Nc
∫
d3k
(2π)3
∂nF (ǫk)
∂ǫk
, (3.1)
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with the Fermi-Dirac distribution function nF (ω) and the quasi-particle energy ǫk.
The quasi-particle energy is defined as ǫk = Ek + Σ+(ǫk,k), and the leading order
contribution of the self-energy Σ+(ω,k) is given by the one-loop diagram,
9)
Σ+(ω,k) ∼ −
Cfg
2uF
12π2
(ω − µ)ln
Λ
|ω − µ|
(3.2)
near the Fermi surface, where uF ≡ pF/µ and Cf = (N
2
c − 1)/2Nc. The anomalous
logarithmic term comes from the dynamical screening effect for the transverse gluons,
and gives rise to the non-Fermi-liquid effects such as in the specific heat.9)–11) Taking
into account the temperature dependence of the chemical potential, we eventually
find12)
χ−1M = χ
−1
M (T = 0) +
π4
6Nck5FEF
(
2E2F −m
2 +
m4
E2F
)(
T 2 +
Cfg
2uF
3π2
T 2 ln
(
Λ
T
))
.
(3.3)
There appears T 2 lnT dependence on temperature because of the anomalous be-
havior of the self-energy at the Fermi surface. This T 2 lnT dependence is a novel
non-Fermi-liquid effect in magnetic susceptibility, and corresponds to the T lnT de-
pendence of the specific heat.10), 11)
Finally we show a magnetic phase diagram on the density-temperature plane
in Fig. 2, using the same parameter as in Fig. 1. Compare the result with the
full expression with the one without the dynamical screening effect i.e. T 2 lnT
dependence. In the case without the T 2 lnT term, the critical temperature (Curie
temperature) of the ferromagnetic phase is about T = 60MeV, while it can be at
most T = 40MeV including T 2 lnT dependence. It turns out that the dynamical
screening works against the magnetic instability and can substantially shrink the
ferromagnetic region on the phase diagram.
The dash-dotted curve is the result without the static screening or g4 ln g−2
term.7) The static screening effect works in favor of the ferromagnetic region, as
discussed in the previous section.
§4. Summary
We have discussed some magnetic aspects of quark matter by evaluating the
magnetic susceptibility at both zero and finite temperature, based on QCD, where
the screening effects for gluons are taken into account. At T = 0, the static screening
gives the term proportional to m2D lnm
−1
D ; the Debye mass mD(∝ g
2) works as an
infrared (IR) cutoff to remove the IR singularity in the exchange of the longitudinal
gluons, while it is still left in the quasi-particle interaction due to the transverse
gluons. At finite temperature, the dynamical screening effect gives the anomalous
term proportional to T 2 lnT−1 ; the Fermi surface is smeared by O(T ) and the energy
transfer of O(T ) is allowed among the quasi-particles near the Fermi surface, so that
temperature itself plays a role of the IR cutoff through the dynamical screening effect
for the transverse gluons. This logarithmic temperature dependence is a novel non-
Fermi-liquid effect and its origin is the same as the well-known T lnT dependence
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Fig. 2. Magnetic phase diagram on the density-temperature plane. The solid, dotted, dashed, and
dash-dotted curves are the results for the full expression, without the static screening, without
the dynamical screening, and without any screening effect respectively.
of the specific heat. The anomalous T 2 lnT−1 term works against the magnetic
instability, as well as the usual T 2 term. We have seen that T 2 lnT−1 term should
give rise to a sizable effect on the magnetic phase diagram in the temperature-density
plane.
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